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1. INTRODUCTION 
The concept of fuzzy convexity is important for quantitative and qualitative studies in fuzzy 
optimization. Noor [1] proposed the notions of preinvex fuzzy mappings and invex sets. These 
preinvex fuzzy mappings and invex sets are more general than convex fuzzy mappings (see [2]) 
and convex sets, respectively. Let Jr0 denote the set of all fuzzy numbers. Let H be a normed 
vector space over R 1 and K an invex set with respect o a mapping 77 : K x K --, H. Noor [1] 
proved that any local minimum of a preinvex fuzzy mapping F : K --, ~'0 is a global minimum 
of F on K, and that a fuzzy mapping F : K --, ~r0 is preinvex if and only if its epigraph is an invex 
set. These results give evidence that invexity can be substituted for convexity in many results in 
mathematical fuzzy programming involving convex fuzzy mappings. However, the proofs contain 
some errors. This paper offers correct proofs, by slightly modifying the proof given by Noor, and 
we also present some new results for preinvex fuzzy mappings, trictly preinvex fuzzy mappings, 
and quasi-preinvex fuzzy mappings. 
In Section 2, some preparatory expositions on the fuzzy numbers and on preinvex fuzzy map- 
pings are given. In Section 3, we introduce the concepts of quasipreinvexity and quasipreincav- 
ity for fuzzy mappings based on the fact that sup(u, v} and inf(u, v} exist in ~0 for any pair 
(u,v} C ~0, and present he main results of this paper. Section 4 gives some applications of 
preinvex fuzzy mappings and preincave fuzzy mappings. 
2. PREL IMINARIES  
Let R 1 denote the set of all real numbers. In this paper, a fuzzy number will be a fuzzy set 
u : R 1 --* [0, 1] which is normal, fuzzy convex, upper semicontinuous, and has compact support. 
The family of all fuzzy numbers will be denoted by ~'0- Since each r E R 1 can be considered as 
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a fuzzy number ~ defined by 
j" 1, i f x=r ,  
~(x) 
0, i fx  ~ r, 
R 1 can be embedded in ~o. 
As is known [3], the a-level set of a fuzzy number u E 5r0 is a closed and bounded interval 
{ {xeR l lu (x )>_a},  i f0<a<l ,  
[a(a), b(a)] = [u]a = cl(supp u), if a = O, 
where cl(supp u) denotes the closure of the support of u. 
In the analysis of fuzzy numbers, the use of a-level sets of a fuzzy set is simpler than the use 
of the membership function of a fuzzy set. We recall the following. 
LV.MMA 2.1. (See [3, Section 6.1] or [4, Lemma 2.2].) Let {[a(a),b(a)] [0 < a < 1} be agiven 
family of nonempty closed and bounded intervals of Tl 1 such that 
(1) ifO <_ al <_ a2 implies that 
(2) 
Then the family [a(a), b(a)] represents the 
Conversely, if [a(a), b(a)], 0 < a < 1, are the 
Conditions (1) and (2) are satisfied. 
[a(a2), b(a2)] C_ [a(al), b(al)], 
for any nondecreasing sequence {ak } in [0, 1] converging to a, 
oo  
[a(a), b(a)] = b(ak)]. 
k----1 
a-level sets of a fuzzy number u • J=o. 
a-level sets of a fuzzy number u • ~'o, then 
It can easily be verified that the intersection of an arbitrary collection of convex sets is con- 
vex. Let 27 denote the collection of all nonempty closed and bounded intervals of R 1. Then by 
Proposition 2.4.5 in [3], we have the following. 
LEMMA 2.2. Let {In} C Z satis/y 
...C_In C_...C_I2C_I1. 
Then i = An°°=iIn E Z and 
dH ( In, i )  --* 0, as n ---~ c~, 
where d is the Hausdorff metric defined in Z. 
From Lemma 2.1 we see that a fuzzy number u : R 1 ~ [0, 1] is determined by the endpoints of 
the intervals [u]a. Thus, we can identify a fuzzy number u with the parameterized triples 
( (a(a) ,b(a) ,a)  I 0 < a < 1}, 
where a(a) and b(a) denote the left- and right-hand endpoints of [u]a, respectively. Suppose that 
u, v • ~'0 are fuzzy numbers represented by {(a(a), b(a), a) I 0 <_ a < 1} and {(c(a), d(a), a) [ 
0 < a < 1 }, respectively. Define a partial ordering _ in bY0 by 
u ~ v, if and only if a(a) <_ c(a), and b(a) < d(a), for all a • [0, 1]. 
We say that u -~ v, if u ~ v and there exists ao • [0, 1] such that 
a(a0) < C(ao) or b(ao) < d(ao). 
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We see that u = v, if u _-< v and v _--< u. It is often convenient to write v ~_ u (respectively, v ~- u) 
in place of u _ v (respectively, u -< v). 
A subset S* of ~0 is said to be bounded above if there exists a fuzzy number u E 5r0, called an 
upper bound of S*, such that v ~ u for every v E S*. Further, a fuzzy number u0 E ~'0 is called 
the least upper bound (sup in short) for S* if (i) u0 is an upper bound of S*, and (ii) u0 _-< u 
for every upper bound u of S*. A lower bound and the greatest lower bound (inf in short) are 
defined similarly. 
For fuzzy numbers u, v E 5r0 represented by {(a(a), b(a), ~) l0 < ~ < 1} and {(c(a), d(c~), a) I 
0 _< a <_ 1}, respectively, and each real number r, we define the addition u + v and 'scalar' 
multiplication ru as follows: 
{(a(c~),b(~),c~)10 < ~ ~ 1}-{- {(c(a),d(a),c~)10 ~ ~ <_ 1} 
-- {(a(~) + c(a), b(c~) + d(c~), a) ] 0 < c~ < 1}, 
ru = {(ra(c~),rb(a),c~) ]0 < a < 1}. 
It is known that the addition and the nonnegative scalar multiplication on Jr0 defined by the above 
two equations are equivalent to those derived from the usual extension principle. Furthermore, 
addition and nonnegative scalar multiplication preserve the order on Jr0, and Jr0 is closed under 
these operations. It should be noted that for u E ~'0, ru is not a fuzzy number for r < 0. The 
family of parametric representations of members of ~'0 and the parametric representations of 
their negative scalar multiplications form subsets of the vector space 
)2 = ({(a(~),b(c~),a) I 0 _< ~ ~ 1}i a :  [0,1] --* R 1 and b: [0,1] -~ R 1 are bounded functions} 
with addition and scalar multiplication defined levelwise. 
Let H denote a vector space over R 1. Let K be a nonempty subset of H and let ~/: K × K ~ H 
be a mapping. Noor [1] introduced the concepts of preinvex fuzzy mappings and invex sets. The 
definitions of Noor are somewhat inconsistent. We propose the correct notions by Definitions 2.1 
and 2.2. 
DEFINITION 2.1. Let x E K.  K is said to be invex at x with respect o (w.r.t. in short) 71, if for 
each y E K, x + A~/(y,x) E K, 0 < A < 1. 
K is said to be an invex set w.r.t. ~/, if K is invex at each x E K w.r.t, to 17; and a fuzzy invex 
set if H = V and K C_ ~'o. 
It can easily be seen that every convex set C C_ H is an invex set w.r.t. 7}(y, x) -- y + ( -1)x.  
DEFINITION 2.2. Let K be an invex set w.r.t. ~}. A fuzzy mapping F : K -* ~'0 is said to be 
preinvex on K (w.r.t. ~), if 
f (x  + A~/(y, x)) --< (1 - A)f(x)  + AF(y), 
for A E (0, 1) and x, y E K; and strictly preinvex i[strict inequality holds for x ¢ y. 
F : K ~ ~'o is said to be preincave on K, if 
F(x  + A~}(y, x)) _ (1 - A)F(x) + AF(y), 
for A E (0, 1) and x, y E K; and strictly preincave if strict inequality holds for x # y. 
3. MAIN  RESULTS 
In this section, we propose the concepts of quasiconvexity and quasiconcavity for fuzzy map- 
pings, and then present some basic properties for these fuzzy mappings. We also give two char- 
acterization theorems for preinvex fuzzy mappings, and present some new results for preinvex 
fuzzy mappings, strictly preinvex fuzzy mappings, and quasi-preinvex fuzzy mappings. 
The following two lemmas follow immediately from Lemmas 2.1 and 2.2. 
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LEMMA 3.1. Let u,v E -7=0 and [u]a = [al(a),bl(a)], [v]a = [a2(a),b2(a)] for a E [0, 1]. Denote 
by 
max{al(a),a2(a)} = a(a) and max{bl(a),b2(a)} = b(a), (3.1) 
for all a E [0, 1]. Then the family [a(a), b(a)] represents the a-level sets of a fuzzy number w E ,~o. 
Moreover, w = sup{u, v}. 
LEMMA 3.2. Let u, v E 5Vo and [u]a = [al(a), bx(a)], [via = [a2(a), b2(a)] for a E [0, 1]. Denote 
by 
min{al(a),a2(a)} = c(a) and min{bl(a),b2(a)} = d(a), (3.2) 
for all a E [0, 1]. Then the family [c(a), d(a)] represents the ~-level sets of a fuzzy number z E 5~o. 
Moreover, z = inf{u, v}. 
Lemmas 3.1 and 3.2 allow us to define quasiconvexity and quasiconcavity for fuzzy mappings on 
a nonempty invex set. In what follows, let H denote a vector space over R 1 , K C_ H a nonempty 
invex set w.r.t, a mapping n : K x K --* H. 
DEFINITION 3.1. A fuzzy mapping F : K --* ~o is said to be quasi-preinvex on the invex set K, 
if 
F(x + An(y,x)) ~ sup{F(x), F(y)}, 
for A E (0, 1) and x, y E K; and strictly quasi-preinvex ffstrict inequality holds for F(x) ¢ F(y). 
F : K ~ ~'o is said to be quasi-preincave, if 
F(x + AT(y, x)) _ inf{F(x), F(y)} 
for A E (0, 1) and x, y E K; and strictly quasi-preincave, if strict inequality holds for F(x) ~ F(y). 
Let 0 < A < 1 and u, v E Jc0. In view of (3.1),(3.2), and the definitions of addition and scalar 
multiplication on ~'o, we see that 
inf{u, v} ~ Au + (1 - A)v ~ sup{u, v}. (3.3) 
This observation leads to the following. 
LEMMA 3.3. Let F : K -~ ~o be a preinvex (respectively, preincave) fuzzy mapping, then F is 
quasi-preinvex (respectively, quasi-preincave) on K. 
The following two results characterize preinvex fuzzy mappings. 
THEOREM 3.1. Let K be an invex set w.r.t, n. A fuzzy mapping F : K ~ ~'o is preinvex on K 
if and only if for all x, y E K, A E R 1, and all u, v E ~'o such that F(x) -4 u, F(y) -4 v, 0 < A < 1, 
F(x + AT(y, z)) -4 (1 - A)u + Av. (3.4) 
PROOF. Let F : K --* ~'0 be preinvex w.r.t. 7/, and let F(x) -4 u, F(y) -4 v, 0 < A < 1. From 
the definitions of addition and nonnegative scalar multiplication on bY0, we have 
F(x + AT(y, x)) ~_ (1 - A)F(x) + AF(y) 
-4 (1 - A)u + Av. 
Conversely, suppose (3.4) holds. Let x, y E K and [F(x)]a = [al(a), bl (a)], [F(y)]a --[a2 (a), 5 2 (Ot)] 
for a E [0, 1]. For any 6 > 0, let u(6) and v(6) be the fuzzy numbers whose a-level sets are given by 
[u(6)]a = [al(a) +6, bl(a) +6] and [v(6)]a = [a2(a) +6, b2(a) +6], respectively, then f (x )  -g u(6), 
F(y) -K v(6). So, by (3.4), for 0 < A < 1, 
F(x  + An(y, z)) -4 (1 - + 
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or in terms of the left- and right-hand endpoints of a-level sets 
a(a) < (1 - A)al(a) 4- Aa2(a) -4- 
and 
b(a) < (1 - A)bl(a) + Ab2(a) + 6, 
where [a(a),b(a)] = [F (x+ An(y,x))]a. Since 5 > 0 can be arb~rarily small, it foHows that 
a(a) < (1 - A)al(a) +Aa2(a) and b(a) < (1 - A)bl(a) +Ab2(a). 
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n'((Y, v), (x, u)) = (n(Y, x), v + ( -1)u) ,  
~or (z, u), (y, v) • GF. 
PROOF. Let F : K --* ~'o be preinvex on K. Let (x, u) • GF and (y, v) • GF, i.e., F(x) -~ u and 
F(y) ~ v. Since F is preinvex on K, we have 
F(x  + An(y, x)) ~_ (1 - A)F(x) + AF(y) -~ (1 - A)u + Av, 
for all A • (0, 1). It follows that 
(z + An(y, z), (1 - ;~)u + Av) • GF. 
Thus, all points of the form 
(x ,u )+A(n(y ,x ) ,v -b ( -1 )u)EGF,  A • [0,1] 
belong to GF. Hence, GF is an invex set w.r.t, n'((y,v), (x,u)) = (n(y,x) ,v  + ( -1)u) .  
Conversely, let GF be an invex set w.r.t, the mapping n t : epi(F) x epi(F) --* H x ]) with 
n'( (y ,v) , (x ,u))  = (n(y,x) ,v + ( -1)u) .  Let x,y • g and u,v • :7:o such that F(x) -< u, 
F(y) -~ v. Then (x,u) • GF and (y,v) • GF. Now, for A • [0,1], since GF is an invex 
set w.r.t, n'((y,v), (x,u)) = (n(y,x) ,v + ( -1)u) ,  0 < A < 1, we must have 
(z, u) + An'((y, v), (x, u)) • GF. 
It follows that 
So we have 
(z + An(y, z),  (1 - A)u + Av) • GF. 
F(x  + An(y, x)) -~ (1 - A)u + Av. 
Then, by Theorem 3.1, F : K --* ~'0 is preinvex on K. This completes the proof. 
Noor proved, by Theorem 3.4 in [1], that a fuzzy mapping F : K --* ~'0 is preinvex w.r.t, n if 
and only if epi(F) = {(x, u) : x • K, u e .~o, F(x) -~ u} is an invex set w.r.t.n. This statement 
contains an error, and we give the correct statement by the following. 
So, we have 
F(x + An(y, x)) ~_ (1 - A)F(x) + AF(y), 
for A E (0, 1), and hence, F is preinvex on K. This completes the proof. 
THEOREM 3.2. Let K be an invex set w.r.t.n. A fuzzy mapping F : K ~ ~'o is preinvex on K 
if and only if the set 
GF = {(z, u) : z • K, u • 7o,  F (x)  -~ u} 
is an invex set w.r.t, the mapping n ~ : GF x GF --* H x r with 
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THEOREM 3.3. Let K be an invex set w.r.t, n. A fuzzy mapping F : K --* ~:o is preinvex on K 
if and only if 
epi(F) -- {(x, u):  x • K, u • ~o, F(x)  -~ u} 
is an invex set w.r.t, the mapping n ! : epi(F) x epi(F) --* H × 1) with 
n'((y, v), (x, = (n(y, x), v + 
for (x, u), (y, v) • epi(F). 
PROOF. Let F : K --* ~-o be preinvex on K. Let (x, u) • epi(F) and (y, v) • epi(F). Since F is 
preinvex on K, 
F(x  + An(y, x)) ~ (1 - A)F(x) + AF(y) -~ (1 - A)u + Av, 
for 0 < A < 1. Hence, 
which implies that 
(x + An(y, x), (1 - A)u + Av) • epi(F), 
(x, u) ÷ A(n(y, x), v ÷ (-1)u) • epi(F). 
Thus, epi(F) is an invex set w.r.t, the mapping n' : epi(F) × epi(F) --* H × 1) with n'((y, v), (x, u)) 
= (n(y,x) ,v + (-1)u), for (x,u), (y,v) • epi(F). 
Conversely, let epi(F) be an invex set w.r.t, the mapping n' : epi(F) × epi(F) --, H × Y with 
n'((y, v), (x, u)) = (n(y, x), v ÷ (-1)u), for (x, u), (y, v) • epi(F). Since (x, F(x)),  (y, F(y)) • 
epi(F), we have for 0 < A < 1, 
which implies that 
So we have 
(x, F(x))  + An'((y, F(y)), (x, F(x))  • epi(F), 
(x + An(y,x), (1 - A)F(x) + AF(y)) • epi(F). 
F(x  + An(y, x)) -~ (1 - A)F(x) ÷ AF(y). 
Hence, F is preinvex on K and this completes the proof. 
THEOREM 3.4. Let K be an invex set w.r.t, n. A fuzzy mapping F : K --, ~o is quasi-preinvex 
on K if and only if for every u E ~'o, the set 
Au = {x e K : F(x) "~ u} 
is an invex set w.r.t, n. 
PROOF. Let F : K --* ~'0 be quasi-preinvex on K, and let u E ~'0. If Fu is an empty set, then it 
is obvious an invex set w.r.t.n. Assume that x, y E A~, i.e., F(x) ~ u and F(y) ~ u. Then u is 
an upper bound of {F(x), F(y)}, and so 
sup{F(x), F(y)} ~ u. 
Since F : K ~ ~'0 is quasi-preinvex w.r.t, n, from the above inequality, we obtain 
f (x  + An(y, x)) -~ sup{F(x), F(y)} 
_--~ U, 
for all A e (0, 1). Thus, all points of the form x + An(y,x), A E [0, 1] belong to Au. Hence, Au is 
an invex set w.r.t.n. 
Conversely, assume that for every u E ~'0, Au = {x e K : F(x)  ~_ u} is an invex set w.r.t.n. 
Let x, y E K and fi = sup{F(x), F(y)}. Then we have F(x) ~ • and F(y) -~ fi, i.e., x • A~ and 
y • Aa. Since Aa is an invex set w.r.t, n, it follows that x + An(y, x) • Aa. Hence, 
F(x + )~n(Y, x) ) "~ fi = sup{F(x), F(y)}. 
Thus, F : K ~ 9v0 is quasi-preinvex on K. This completes the proof. 
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COROLLARY 3.1. Let K be an invex set w.r.t. ~, and let F : K --, ~o be preinvex on K. Then 
for every u E ~'0, the set 
i~, = {x E K :  F(x) -'~ u} 
is an invex set w.r.t. 77. 
PROOF. Let F : K --* ~o be preinvex K. Then by Lemma 3.3, F is quasi-preinvex on K, and 
hence, for every u E ~'o, A~ = {x E K : F(x) -~ u} is an invex set w.r.t. ~ by Theorem 3.4. 
Corresponding to Theorem 3.4, quasi-preincave fuzzy mappings atisfy the opposite inequalities 
under similar hypotheses. 
COROLLARY 3.2. Let K be an invex set w.r.t, r 1. A fuzzy mapping F : K --* ~o is quasi-preincave 
on K if and only if for every u E ~o, the set 
{z e K:  F(x) ~_ u} 
is an invex set w.r.t. ~. 
PROOF. The idea of the proof of this corollary is quite similar to that of Theorem 3.4. 
Since addition and nonnegative scalar multiplication on ~'0 is closed, it can be seen easily 
that ~'0 is a convex subset of the vector space V. This enables us to speak of convex fuzzy 
mappings on ~'0. 
THEOREM 3.5. Let K be an invex set w.r.t. 77, and let F : K ~ 5r0 be a preinvex fuzzy mapping 
on K.  I f  G : ~o --* ~o is a nondecreasing convex fuzzy mapping, then the mapping x ~ G( F ( x ) ) 
is preinvex on K.  
PROOF. Let x, y E K, and A E [0, 1]. Since F : K ~ ~o is preinvex on K, we have 
F(x  + Arl(x, y)) ~_ (1 - A)F(x) + AF(y). 
Since G : ~'o --* Jr0 is nondecreasing and convex, it follows that 
a(F(x +  n(x, y))) a ( (1  - + 
(1 - A)G(F(x)) + AG(F(y)), 
and hence, x,  ~ G(F(x))  is preinvex on K. This completes the proof. 
THEOREM 3.6. Let K be an invex set w.r.t. 7/, and let F : K --* ]:o be a preincave fuzzy 
mapping on K. I f  G : ~o --* ~o is a nondecreasing concave fuzzy mapping, then the mapping 
x,  ~ G(F(x))  is preincave on K.  
PROOF. The idea of the proof is similar as that of Theorem 3.5. 
4. APPL ICAT IONS 
We now discuss some applications of preinvex fuzzy mappings to optimization theory. 
THEOREM 4.1. Let K be an invex set w.r.t. ~?. Suppose that F is a fuzzy mapping defined on K 
such that inf{F(x) : x E K} exists in ~o. Let # = inf {F(x) : x E K}. 
(1) I f  F : K --. ~o is preinvex on K,  then the set 
f~ = {x E K :  F(x)  = ~} 
is an invex set w.r.t. 77. 
(2) g F is strictly preinvex, then n is singleton or empty. That is, if F is strictly preinvex, 
then F has at most one global minimum point. 
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PROOF. To prove part (1), let F : K --* 9v0 be preinvex on K. If ~ is an empty set, then it is 
obvious an invex set w.r.t. ~. Assume that x, y E ~, i.e., F(x) = F(y) = #. Since F is a preinvex 
fuzzy mapping on K, 
F(x  + ,~rl(y,x)) ~_ (1 - A)F(x) + )~F(y) 
= (1  - + 
for all A E (0, 1). Thus, all points of the form x + A~?(y,x), ~ E [0, 1] belong to ~. Hence, ~ is an 
invex set w.r.t. ~. 
For the second part, the proof will be by contradiction. Assume that there exist distinct points 
x, y E K such that F(x)  = F(y) = #. Since K is an invexset  w.r.t. ~, then for ~ E (0,1), 
x + A~(y, x) E K. Further, since F is strictly preinvex on K, 
f (x  + )~y(y,x)) -~ (1 - A) f (x )  + )~F(y) 
= (1  - + 
=~.  
This contradicts that # = inf {F(x) : x E K}, and hence, the result follows. 
COROLLARY 4.1. Let K be an invex set w.r.t. ~. Suppose that F is a fuzzy mapping defined 
on K such that sup{F(x) : x 6 K} exists in ~o. Let v = sup {F(x) : x 6 K}. 
(1) I f  F : K --* ~o is preincave on K,  then the set 
F = {x e K :  F(x)  = v} 
is an invex set w.r.t. 77. 
(2) I f  F is strictly preincave, then F is singleton or empty. That is, if F is strictly preincave, 
then F has at most one global maximum point. 
PROOF. The idea of the proof is similar to that of Theorem 4.1. 
It is known [5] that every nonempty set S* C_ ~-0 which is bounded above (respectively, bounded 
below) has a least upper (respectively, greatest lower) bound. Now, we introduce the following 
device for constructing invex fuzzy mappings. 
THEOREM 4.2. Let A = K x S* C_ H x V, where K is a nonemptysubset of H and S* C_ ~o is 
nonempty and bounded below, be an invex set w.r.t, a mapping ~' : A x A ~ H x 1) satisfying 
v), (z, u)) = x), v + 
for (x, u), (y, v) e A, x 6 K, y • K, u, v 6 ~'0, and let 
F(x) = inf{u : (x,u) 6 g x S*}. (4.1) 
Then K is an invex set w.r.t. ~, and F : K --* ~o is a preinvex fuzzy mapping on K. 
PRoof .  Since S* c_ ~'0 is nonempty and bounded below, from (4.1), we see that F(x) is a fuzzy 
number for each x • K. Thus, F is a fuzzy mapping on K. By the invexity of the set K x S*, 
it is to check that K is an invex set w.r.t. ~. Now, it suffices to show that the fuzzy mapping 
F : K ~ ~0 is preinvex on K. To see this, let x, y • K. Since A is an invex set w.r.t. ~', it is 
easily verified that if (x, u), (y, v) • K x S*, then for each A • (0, 1), 
(x + A~(y, x), (1 - A)u + Av) • g x S*. (4.2) 
In view of (4.1) and (4.2), we obtain 
f (x  + £y(y,x)) ff (1 - ,~)f(x) + )~F(y), 
for each A E (0, 1). Hence, the fuzzy mapping F : K ~ bY0 is preinvex on K. 
Now let H be a normed vector space over R i. Noor [1] proved that any local minimum of a 
preinvex fuzzy mapping F : K --* ~'0, where K C_ H being an invex set, is a global minimum 
of F on K. But his proof contains an error. We offer a correct proof by slightly modifying Noor's 
proof. 
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THEOREM 4.3. Let K be a nonempty invex set w.r.t. 7}. Suppose that F : K --* ~ro is a preinvex 
fuzzy mapping on K such that inf{F(x) : x • K}, say #, exists in ~'0, and that the set 
f~ = {x • K :  F(x)  = I~} ~ O. 
I f  5: is a local minimum of F, then it is also a global minimum of F on K.  
PROOF. Let ~ be a local minimum of F. If ~ is not a global minimum of F on K,  then ~ ¢ fk 
By the hypothesis f~ ~ 0, let y • f~, we must have F(y) -< F(~). Since F is preinvex on K, there 
exists 77 : K × K ~ H such that for A • (0, 1) 
F(~ + A~}(y, ~)) -< (1 - A)F(~) + AF(y) 
-< F (~) :  since F(y) -< F(~). 
So 
F(~ + A~/(y, ~)) -< F(~) 
for arbitrary small positive number A, and this contradiction proves the result. 
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